Abstract By one-dimensional Vlasov-Poisson simulation, the critical initial state marking the transition between the Landau scenario, in which the electric fields definitively damped to zero and the O'NEIL scenario, in which the Landau damping is stopped after a certain damping stage, is studied. It is found that the critical initial amplitude ε * can only exist when the product of the wave number (km) and the electron thermal velocity (v th ) is moderate, that is, 0.2 < kmv th < 0.7. Otherwise, no critical initial amplitude is found. The value ε * increases with the increase in km for a fixed v th , and also increases with the increase in v th for a fixed km. When kmv th is fixed, the value ε * also changes with the wave number and the electron thermal velocity, even though the damping rate and the oscillation frequency are the same in this case.
Introduction
Wave-particle interaction process in plasma is of fundamental importance in space and laboratory settings. One of the most basic wave-particle interactions is the Landau Damping [1] , which reveals that electrostatic wave or Langmuir wave in plasma can be dissipated even in the absence of collisions. The physical content of the linear Landau theory is conceptually simple, namely electrons with velocity just below the wave phase velocity in their tail-on collision with the wave gain energy, while electrons with velocity just above it lose energy (head-on collision). So when the former particles are more numerous than the latter, such as in plasma with a Maxwell electron distribution, the wave exhibits an exponential damping [2] . However, after the so-called trapping time τ = m e /eEk, which represents the characteristic oscillation time of particles in a sinusoidal potential well, the nonlinear effect (trapping) becomes apparent if the wave has not died out. Here e and m e are, respectively, the electron charge and mass, while E is the amplitude of wave's electric field and k is the wave vector. Therefore, there exists a saturation initial wave amplitude. If the wave amplitude is much smaller than the saturation amplitude, the wave will die out before trapping gets important and the linear theory gives the correct damping. On the other hand, if the wave amplitude is larger compared to the saturation amplitude, trapping will be important and linear damping will be modified. This nonlinear phenomenon was first studied by O'NEIL [3] , who found that in such a case the oscillation-like motion of the resonant particles must be taken into account. With this oscillation motion, a particle has no time to make both tail-on and head-on collisions with the wave so that the net energy exchange between wave and particles is null when averaged on time and the wave damping should be prevented any further. Some numerical simulations [4] and experimental analyses [5] supported O'NEIL's view in that, when the system starts with a sufficiently large wave amplitude, wave damping is stopped in the final asymptotic state. Moreover, following the time evolution of a small but finite amplitude wave, a formation of vortices occurs roughly at the phase velocity of the wave in the phase space of the electron distribution function. The formation of these structures represents a typical case of nonlinear Landau damping. A theory of nonlinear Landau damping and particle trapping valid in the asymptotic condition (τ → ∞) was developed and a collisionless plasma with initial conditions (ICs) near "single-humped" linearly stable equilibria was also studied [6, 7] . It was found that there exists a "critical initial state" indicating the transition between the Landau scenario, in which the electric field is definitively damped to zero and the O'NEIL scenario, in which the Landau damping is stopped. These conclusions have been verified numerically by solving the Vlasov-Poisson system [8∼10] . In Ref. [8] , it was found that the critical initial perturbation amplitude is ε * ≈ 0.012 at a wave number k m = 4 and a electron thermal velocity v th = 0.1. Using the same wave number and electron thermal velocity and with further detailed simulations and analysis, it was found the critical initial amplitude is ε * ≈ 0.00845 [9] . VALENTINI et al. [10] investigated the self-consistent motion of particles in the wave, showing the existence of Lagrangian chaos around the separatrix in the phase space. The chaotic diffusion of the particles around the separatrix and the presence of particles escaping from the potential well seem to be responsible for the long time oscillations. In 2006, the effect of ion motion was considered in the simulation for the first time [11] . It was found that ion motion does not affect obviously the threshold amplitude for linear Langmuir wave damping.
In those studies mentioned above, the main purposes were to discuss the existence of the critical initial amplitude ε * of the Langmuir wave to separate the linear and nonlinear processes. However there has not been the work yet in the study of the critical initial amplitude itself as a function of the initial conditions of the system. In this paper, we discuss the change in the critical initial amplitude with the wave numbers and electron thermal velocities by solving numerically the one-dimensional Vlasov-Poisson system.
The model equations
The one-dimensional Vlasov-Poisson model is described by the equations:
where f (x, v, t) is the electron distribution function and E(x, t) is the electric field. In this article, the time t is normalized to the inverse of the electron plasma frequency ω
pe , velocity to the speed of light c and consequently, E to (e/m e ω pe c) −1 , x to c/ω pe and f to the equilibrium particle density n 0 . Since the ion's effects on the Langmuir wave are small, ions are considered as a fixed, neutralizing background. Oscillations are excited by initializing a single Fourier mode k m , so the initial electron distribution is given by:
where ε is the initial perturbative amplitude in electron density, k m = 2πm/L is the wave number of the mode m, L is the length of the system, which is set to be 2π in all the following simulations and f M is the Maxwellian electron distribution function (EDF),
with v th = KT e /m e c 2 the normalized thermal velocity for an electron temperature of T e . When solving the Vlasov equation, the time splitting method presented by CHENG and KNORR [12] , is applied, which rests on splitting the Vlasov equation into separated spatial and velocity space advection equations. As for each advection equation, the PFC (positive and flux conservative) method [13] is used. The FFT (fast Fourier transform) method is used to solve the Poisson equation since the system is assumed with a periodic boundary in x-direction [14] . The above system is easily extended to the relativistic regime.
Numerical results
With a fixed wave number k m = 1 and thermal velocity v th =0.4, a temporal evolution of the electric field amplitude is shown in Fig. 1 , with different initial amplitudes of the wave. The fundamental Fourier mode |E(m = 1)| at ε = 0.001 is shown in Fig. 1(a) , which appears typical for linear Landau damping. The damping rate is about γ L = −0.06576, which is close to the theoretical value of γ L = −0.0661, estimated. With an increase in the initial amplitude, the linear Landau damping is destroyed gradually. For example, at ε = 0.0125, after the initial damping phase, the wave does not continue to decay. Instead, its amplitude exhibits irregular oscillations as shown in Fig. 1(b) . At the initial wave amplitude of ε = 0.05, the electric field envelope approaches an asymptotic oscillation with a period of about 120, as shown in Fig. 1(c) . This periodic oscillation is attributed to the ergodic and chaotic dynamics of some particles moving in the phase space between the boundaries of the resonant region [10] . These particles are able to escape from the potential well after undergoing a tail-on collision, but are almost all re-trapped in the periodic system. At an even larger initial amplitude of ε=0.5, the potential well is deep enough so that few particles can escape from it, so no asymptotic oscillation of the electric field amplitude occurs, as shown in Fig. 1(d) .
Keeping ε=0.0125 and k m = 1, the temporal evolution of the fundamental Fourier mode |E(m = 1)| is shown in Fig. 2(a) for different but moderate thermal velocities. With an increase in the thermal velocity, the damping rate of the electric field increases. For a large enough thermal velocity such as v th = 0.5, the electric field damps to zero and no increase follows it with the initial amplitude ε = 0.0125. As reported previously [9] , through detailed analysis, a critical amplitude of ε * = 0.00845 for k m = 4 and v th = 0.1 was obtained. Comparing the time evolution of the initial fundamental Fourier mode m, it is found that the critical initial amplitude for k m = 1 and v th = 0.4 is about ε * =0.0075. Using the same method, the critical initial amplitudes against different thermal velocities with a fixed wave number of k m =1 are obtained and listed in Table 1 . It can be seen that the critical initial amplitude increases with the increase in v th unless it is too small and too large. When it is small enough, such as v th =0.1 and 0.2, there is no evident change in the fundamental Fourier mode, as shown in Figs. 2(b) and 2(c). When v th is large enough, such as v th ≥ 0.7, almost all electric field evolution corresponding to different initial amplitudes and different initial thermal velocities is similar to the case of ε=0.5 and v th =0.7, as shown in Fig. 2(d) except for a very small initial amplitude. So there are no such critical amplitudes at low and high thermal velocities.
In order to explain the results shown in Fig. 2 and Table 1 , the velocity distribution of electrons averaged over x is calculated at different times with different initial conditions and shown in Fig. 3 . In Fig. 3(a) it is shown that the averaged velocity distribution strongly deviates from the initial Maxwellian in the region around the phase velocity of wave and its slope varies periodically for both moderate thermal velocity and initial amplitude, which is consistent with the results in Ref. [4] . Interacting with the particles with such a kind of distribution, the wave amplitude also varies periodically as shown in Fig. 1(c) . With the decrease in thermal velocity, the distribution function of electrons gets narrower in v-space. This means that the number of the particles resonantly interacting with the wave decreases, such as v th = 0.2 and 0.1, the corresponding averaged particle density is about 10 −6 and 10 −20 . Although one can also find a periodic change in the distribution function slope around the phase velocity in the case of v th = 0.2, this kind of particle-wave interaction can not cause obvious change in the wave amplitude as shown in Fig. 2(b) . As to the case of an even smaller thermal velocity v th = 0.1, the averaged distribution function does not change periodically and a plateau appears around the phase velocity. So there is not the so-called critical initial amplitude in these two cases. For a large thermal velocity, such as v th = 0.7, the distribution function of electrons is of very wide in v-space. That is, there are many particles with their velocities around the phase velocity of wave. For a small initial amplitude, such as ε=0.0125, the resonant interaction of particles and wave can not change the slope of the averaged distribution function, as shown in Fig. 3(d) . So the initial Fourier mode |E(m = 1)| damps until the numerous noise appears. As for a large initial amplitude, such as ε = 0.5, the logarithmic plot of the velocity distribution averaged over x is shown in Fig. 3(e) and (f). It can be seen that the slope of the averaged distribution function around the phase velocity changes slowly with time at the early phase, corresponding to the field damping period. After the slope changes its sign, it will keep until a plateau appears. This kind of evolution induces the field evolution, as shown in Fig. 2(d) .
In the following simulations, we set k m v th =0.4, then the other quantities such as kλ De and the linear Landau damping rate is given by
De )]. A temporal evolution of the envelopes of the electric fields, with a moderate initial amplitude ε=0.0125 and for different initial wave numbers k m , is shown in Fig. 4 . For a small k m , the electric field amplitude shows an initial damping followed by a wave growth and then irregular oscillations, which is consistent with those discussed previously [9, 10] . The time t min is defined when the first minimum in the envelope appears. With the increase in wave number k m , t min increases, which means that the damping time gets longer. The period of the asymptotic oscillation of the wave amplitude also increases with the wave number. The wave damping appears more quickly for larger k m . These cannot be explained simply with linear Landau damping since the corresponding linear Langmuir wave frequency ω and linear damping rate γ L should be the same for the same k m v th . For a large enough wave number, such as k m =8, the electric field damping does not stop until the numerical noise appears and there are no wave growth and oscillations after that. That is how linear Landau damping basically appears for this case. The above calculation illustrates that the critical initial amplitudes ε * are different for different k m , even if k m v th is fixed. Setting k m v th =0.4, the critical initial amplitudes for different wave numbers and thermal velocities are listed in Table 2 . In Fig. 5 the corresponding averaged velocity distribution of electrons at different times with different wave numbers, different thermal velocities and different initial amplitudes is shown. It can be seen that the increase in wave number induces a decrease in both the thermal velocity and the phase velocity. The decrease in thermal velocity will decrease the critical initial amplitude. On the other hand, the decrease in phase velocity will increase the critical initial amplitude. These two factors co-exist and co-determine the change in the critical initial amplitude with a fixed k m v th . The critical initial amplitudes corresponding to different wave numbers and different thermal velocities are listed in Table 3 . It is seen that the critical initial amplitude ε * only exists with a moderate value of product of the wave number and thermal velocity, namely 0. In these two cases, one cannot find the so-called critical amplitude. This can be explained by the following. An increase in the wave number will induce a decrease in the phase velocity. In order to get the similar evolution, the thermal velocity must decrease correspondingly. Likewise, the decrease in wave number corresponding to an increased thermal velocity can give rise a similar evolution. That is, the product k m v th can decide the existence of the critical initial amplitude. If there is a critical initial amplitude, it increases with the thermal velocity for a fixed wave number. 
Conclusions
The critical initial amplitude of perturbation for longitudinal electron oscillations in plasmas is studied by solving the one-dimensional Vlasov-Poisson equatuoins numerically. It is found that the critical initial amplitude ε * can only exist for moderate value of the product of the wave number and the electron thermal velocity, namely, 0.2 < k m v th < 0.7. If there exists a critical initial amplitude ε * , it increases with the increase in wave number for a fixed thermal velocity and also increases with the increase in electron thermal velocity for a fixed wave number. For a fixed value of the product of the wave number and the electron thermal velocity k m v th , the critical initial amplitude ε * changes with the change in both wave number and electron thermal velocity, while the damping rate and the oscillation frequency are the same as well.
